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Abstract. Since curved dg algebras, and modules over them, have differen- 
tials whose square is not zero, these objects have no cohomology, and there 
is no classical derived category. For different purposes, different notions of 
"derived" categories have been introduced in the literature. In this note, we 
show that for some concrete curved dg algebras, these derived categories van- 
ish. This happens for example for the initial curved dg algebra whose module 
category is the category of precomplexes, and for certain deformations of dg 
algebras. 

1. Introduction 

Curved dg algebras and modules were introduced in 12\, in relation with qua- 
dratic duality. Examples of a different nature occur as deformations of ordinary dg 
algebras. Indeed, inspection of the Hochschild complex of a dg algebra immediately 
reveals the possible occurrence of curvature in deformations. The deformation the- 
ory of algebras ([H, f^^) and of abelian categories (OH]) suggests that deformation 
should somehow take place on the derived level. For derived categories of abelian 
categories, the situation was investigated in P]. For dg algebras, the relation be- 
tween Hochschild cohomology and derived Morita deformations was investigated 
in [S], where it was shown that not every Hochschild cocycle can be realized by 
means of a Morita deformation of the dg algebra. This raises further questions as 
to the possibility of deriving deformed curved dg algebras. More precisely: suppose 
A is a curved dg algebra deforming an ordinary dg algebra A, is there a reasonable 
definition of derived category -D?(A) which can be considered to be a "derived de- 
formation" of D{A)7 Since curved dg algebras fail to have square zero differentials, 
and hence fail to have cohomology objects, a straightforward generalization of the 
definition of the derived category of a dg algebra does not exist. Different candi- 
date derived categories have been considered in the literature ([S], [?]), but none of 
these is such that for all dg algebras, the newly defined category coincides with the 
classical derived category. 

Our answer to the general existence of "derived deformations" is a negative one: 
we give examples where it is impossible to define a reasonable derived category 
D-?{A) deforming D{A). By reasonable^ we mean satisfying some combination of 
a number of natural axiomatic requirements (listed in 13. ip for the corresponding 
class of "acyclic" objects. Loosely speaking, we will refer to these categories as 
"derived" categories. By deforming, we mean that a complex over A is acyclic if 
and only if its image over A is "acyclic" . Our most pronounced example in this 
respect is the "graded field" A = k[u,u~^ where u is of degree 2. The element 
u gives rise to a Hochschild cocycle and an infinitesimal deformation A, but there 
is no "derived" category deforming D{A). Moreover, over a field, the only 

"derived" category of A is actually zero fProposition 13. 7|) . Another class o! f 
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curved dg algebras whose "derived" categories we show to vanish, are the "initial 
cdg algebras" k[c] and fc[c]/c" for c in degree 2 and n > 2 (Proposition 13 . 2p . In ijH 
we take a slightly different approach to "derived" categories, by looking at classes 
of "homotopical projectives" . The existence of non-zero "derived" categories is 
closely related to the existence of graded projective, respectively graded projective 
and graded small objects in the homotopy category. In particular, we show that 
the deformation A oi A = k[u\ (with u in degree 2) corresponding to the cocycle u, 
posesses a non-zero "derived" category D7{A), but this category actually does not 
deform the classical D{A) (Proposition 14. 12]) . 

Finally, in fj^l we take a closer look at particular candidate derived categories 
studied in the literature. In ij5.1[ we look at the bar derived category £'bar(^) of [5], 
which is defined for a unital cdg algebra A over an arbitrary commutative ground 
ring k, and which should be regarded as a curved analogue of the relative derived 
category of a dg algebra (in which by definition the fc-contractible complexes become 
zero). We show that if fc is a field and A has a non-zero curvature, Dbar(^) — 0. 
This is a consequence of the fact that the bar derived category vanishes for the 
initial cdg algebras, and satisfies a strong base change property (see H'6.'2\\ . In 
^5.2\ we take a look at the "derived categories of the second kind" defined in [TT]. 
These categories (of which there are three subtypes) can be regarded as universal 
"derived" categories. The existence of non-! zero derived categories of the second 
kind over a field, in spite of their vanishing on k[c], can be explained by the fact 
that they don't satisfy the strong base change property. 

In contrast to the approaches in 9 and IP, which make use of the interplay 
between algebras and coalgebras through the bar/cobar formalism, the methods in 
this paper are elementary (except in §5.11 where we apply our results to the setting 
of i). 

1.1. Acknowledgement. Most of this work, in particular the vanishing of a num- 
ber of "derived categories" satisfying certain natural axioms (and hence, of the bar 
derived category over a field) originated in 2006, when the authors were together in 
Paris. However, it was not until we discovered the beautiful applications of derived 
categories satisfying precisely those axioms in the work of Leonid Positselski, as 
presented by him in Paris in April 2009, that we decided it would be worthwile 
to write down our findings on some examples of a quite different nature, namely 
deformed dg algebras. We are very grateful for the stimulating correspondence we 
had with him on the subject, and for his interesting comments, suggestions and 
corrections concerning a preliminary draft of this paper. We also thank the ref- 
eree for his quick and extremely careful reading of the manuscript his many helpful 
suggestions for improvements. 

2. The homotopy category of a curved dg algebra 

2.1. Curved dg algebras, modules and morphisms. Curved dg algebras and 
modules were introduced in [T^]. We recall the definitions. Let k he a commutative 
ring. A cdg A:-algebra A (cdg algebra for short) consists of a graded /c-algebra 
A = (^')igz, a graded derivation d : A — > A of degree 1, and an element c € A'^ 
with d{c) = satisfying 

d^la) — [c, a] ~ ca — ac 

for all a €z A. The element c is called the curvature of A, and d is called the 
predifferential. Obviously, a cdg algebra with c = is nothing but a dg algebra. 

A (left) module M over a cdg algebra A consists of a graded (left) A-module 
M — (M*)igz endowed with a derivation : M — > M of degree 1 (i.e. a degree 
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1 morphism with (iA/(am) — d{a)m + (— l)l°ladAf (to)) such that 

d\j{m) = cm 

for aU TO G M. 

Modules over a cdg algebra A form an abelian category Mod (A), with the obvious 
degree zero morphisms commuting with the predifferentials. In particular, the 
ground ring k will be considered as a dg and cdg algebra concentrated in degree 
zero, and consequently Mod(fc) denotes the category of complexes of ordinary k- 
modules, which we will call "degree zero" fc-modules. The category of degree zero 
fc-modules is denoted by Modo(A:). 

For a cdg algebra A, graded ^-split exact sequences define an exact structure on 
Mod(j4) making it into a Frobenius category. A module is projective-injective for 
this structure if and only if it's identity is contractible by a graded ^-homotopy. 
The resulting stable category is the homotopy category Mod (A). Equivalently, the 
homotopy category Mod (A) is obtained as the zero cohomology of the natural dg 
category of cdg modules. 

Between cdg algebras, different kinds of morphisms can be considered. In this 
paper, we will only use strict morphisms, which are a special case both of the 
morphisms considered in [T^], and the morphisms of curved ^oo-algebras considered 
in §4]. A strict morphim / : A — > A' between cdg algebras is a degree zero 
morphism of graded algebras, commuting with the predifferentials, and preserving 
the curvature, i.e. with /(c) = c'. Cdg fc-algebras with strict morphisms constitute 
a category Cdg(fc). A strict morphims / : A — > A' induces a restriction of scalars 
functor 

Mod(A') — > Mod(A). 

Since an A'-homotopy can be regarded as an A-homotopy using /, we also obtain 
an induced restriction of scalars functor 

Mod(A') — > Mod(A). 

2.2. The initial cdg algebras. The first type of cdg algebras we consider will be 
called the initial cdg algebras because each one of them is initial in a certain full 
subcategory of Cdg(fc). First we consider the cdg algebra k[c] where c is an element 
of degree 2, the curvature (and where the predifferential is necessarily zero). This 
cdg algebra is clearly initial in Cdg(fc). We also consider the cdg algebras fc[c]/c" for 
n > 0. The cdg algebra k[c]/c" is initial among the cdg algebras A whose curvature 
ca satisfies — 0. Modules over k[c] are precomplexes of degree zero fc-modules, 
i.e. graded fc-modules M together with a predifferential cZm : M — > M satisfying 
no further condition. Indeed, such a precomplex M can be uniquely made into a 
fc[c]-module by putting cm = d'j^{m) for all m e M. Similarly, modules over fc[c]/c" 
are precomplexes with d^" = 0. Modules over fc[c]/c — k are of course ordinary 
complexes. 

These cdg algebras are organized in the following way: 

fc[c] — > ... — > fc[c]/c" — > fc[c]/c""i — > ... — > k[c]/c = fc. 
Consequently, we obtain a chain of module categories 

Mod(fc[c]) < — ...< — Mod(fc[c]/c") < — Mod(fc[c]/c"-i) < — ...< — Mod(fc). 
and a chain of homotopy categories 

Mod(fc[c]) < — ...< — Mod(fc[c]/c") < — Mod(fc[c]/c"-i) < — . . . < — Mod(fc). 

Moreover, for A = k[c] or A = fc[c]/c", a map of ^-modules is contractible by a 
graded A-homotopy if and only if it is contractible by a graded fc-homotopy (indeed, 
hd + dh = f and fd = df imply hd^ = d^h). So if we look at the chain of module 
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categories above, the notion of contractibility is independent of the module category. 
Now let X be an arbitrary degree zero fc-module. Consider the precomplexes 

Xi = (0 — > X — > 0) 
^2 = (0 — >X — > X — » 0) 
X„ (0 — > X — > X — > ... — > X — >0) 
X+^ {0 — > X — > X — > ... — > X — > X — >...) 

= .. — > X — > X — > ... — > X — > X ^0) 
X^ = {...^X^X^...^X^X^...) 
where the maps X — > X are identities and where, for Xn and the first non- 
zero entry from the left is in degree zero, and for the first non-zero entry from 
the right is in degree zero. 

Proposition 2.1. If X is a non-zero degree zero k-module, then Xn is contractible 
if and only if n is even or n G {+, — , oo}. 

Proof. This is a matter of alternating and 1 as maps hi in a (candidate) contract- 
ing homotopy. □ 

3. "Derived" categories via "acyclic objects" 

3.1. "Derived" categories via "acyclic" objects. Since cdg algebras, and 
modules over them, have predifferentials whose square is different from zero, they 
fail to have cohomology objects. Consequently, it is impossible to define a derived 
category in the usual way. In this section, we will list some possible requirements 
for alternative "derived" categories for a cdg algebra A. 

The first, basic requirement will be that we obtain the "derived" category D7{A) 
as a triangle quotient of Mod (A) by a thick subcategory A? of "acyclic" objects. In 
fact, it seems like this basic requirement is already largely responsible for the weird 
phenomena we will describe later on (see also M.2p . 

Next we can list possible requirements for A-f, which are fulfilled in the case of 
the ordinary derived category of a dg algebra: 

(Al) A? contains all totalizations of short exact sequences in the abelian category 
Mod(A). 

(A2) A'/ is closed under coproducts. 
(A3) A-/ is closed under products. 

Remark 3.1. Condition (Al) implies that every short exact sequence in Mod(A) 
gives rise to a triangle in D7{A). In fact, this is all we will need when using (Al) 
in this paper. 

Our first result is that this list of requirements makes the "derived" categories 
of all the initial cdg algebras vanish (except for A — k). 

Proposition 3.2. For the initial cdg algebras A = k[c] or A — k\c\lc^ with n > 1, 
the only "derived" category satisfying (Al), (A2) and (A3) is D7{A) = 0. If k is 
afield, the same conclusion holds for every "derived" category satisfying (Al) and 
(A2). 

Proof. If fc is a field, the precomplexes ki with i S No U — , oo} (see ' i'Z.'Z^ that 
exist in Mod(A), and their shifts, are the indecomposable objects in Mod(A). By 
(A2), it suffices that they are acyclic. The only non finite indecomposables are 
contractible, hence it suffices to show that the finite indecomposables are acyclic. 
So by Lemma f3.31 in both cases, it suffices to show for X e Modo(fc) that Xi is 
acyclic. Consider the exact sequence 

— ^ A:2[-1] — ^ ATa e Xi[-1] — >X2^0 
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jiven by 



0' 



1 



>x 

1 

—^X®X' 



[ 1 



[ 1 -1 ] 



-^X 
1 

-^x 



-^0 



-^0 



-^x 



-^0 



From the acyclicity of X2, it follows by (Al) and thickness of A-? that both Xi and 
X3 are acyclic. This finishes the proof. □ 

Lemma 3.3. Let A be as above. Suppose D-?(A) satisfies (Al), (A2) and every 
object Xi for X G MoA^^k) is acyclic. Then every bounded above precomplex in 
Mod(A) is acyclic. If D7{A) moreover satisfies (A3), then = 0. 

Proof. For finite precomplexes, the proof is by induction on the length of the pre- 
complex using (Al). Every bounded above (resp. below) precomplex can be written 
in Mod(A) as a cone of coproducts (resp. products) of finite precomplexes. Using 
(Al) we also get the unbounded precomplexes. □ 



Remark 3.4. Note that the proof of Proposition 13.21 makes use of the existence of 
X3 in all of the categories Mod(v4) considered. For A = k[c]/c = k, the classical 
derived category D{k) is a non zero "derived" category satisfying (Al), (A2), (A3) 
(corresponding to the fact that X3 does not exist and Xi is not acyclic). 

3.2. "Derived" categories and base change. Another type of requirement in- 
volves the behaviour of "acyclic" objects, and hence "derived" categories, under 
base change. Consider a strict morphism / : A' — > A of cdg algebras, and the 
induced restriction of scalars functor 

/* : Mod(A) — > Mod(A'). 

We can now formulate a weak and a strong base change property: 

(Bw) The functor /* preserves "acyclic" objects, i.e /*(^?) C A',. 
(Bs) The functor /* preserves and reflects "acyclic" objects, i.e. A-? — f*^^{A',). 

Clearly, as soon as (Bw) holds, we obtain an induced restriction of scalars functor 

/* : D,{A) ^ D,{A'), 

and if moreover (Bs) holds, this functor reflects isomorphisms. 

Our next observation is that the strong base change condition combined with 
the conditions of §3.11 makes all "derived" categories vanish. 



Proposition 3.5. Let A be a cdg 

pose the unique morphism f : k[c] 
D,(fc[c]) = 0. Then DfiA) = 0. 



ra with "derived" category D7{A), and sup- 
A satisfies (Bs) with respect to Z)?(v4) and 



Proof. This is obvious. 



□ 



Example 3.6. Consider the canonical A — > k for A as in Proposition 13.21 Then 
this morphism does not satisfy (Bs) with respect to the usual derived category 
D{k) and the "derived" category £'?(A) — since ki is not acyclic in Mod(fc) but 
becomes "acyclic" in Mod (A). 
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3.3. "Derived" categories of deformations. An important source of cdg alge- 
bras is given by deformations of dg algebras. Let {A,mA,dA) be a dg fc-algebra. 
The Hochschild complex C{A) is the product total complex of the double complex 
with 

C*'"(A) = UomliA'^" , A) 

and the familiar Hochschild differential. Consequently, a Hochschild 2-cocycle </> = 
i4'n)n>o is determined by elements (po G A^, (pi : A — > A of degree 1, 02 : 
A®kA — > A of degree and so on. If we concentrate on a cocycle = (0Oi 4'1t4'2), 
this determines a first order deformation A^[e\ of A which is a cdg A:[e]-algebra with 
multiplication ttia + 4>2^, predifferential cIa + 0ie, and curvature (/)oe (a general 
cocycle determines a curved Aoo-deformation, see [8] and [5]). 

The deformation theory of algebras ([H 12) and of abelian categories ([71 H]) 
suggests that deformation should somehow take place on the derived level. 

We thus wonder whether there exists a non zero "derived" category of A^[e] 
which satisfies (Al), (A2) and perhaps (A3). First of all, note that the argument 
of Proposition 13.21 for the contrary fails. Indeed, since the curvature of A^[e] is 
c = (poe, d\.j of an ^^[ej-module M has to factor through eM so Xa-type objects 
can never exist. 

Secondly, the question we ask is not complete, for we are not looking for an 
arbitrary derived category of ^^[e], but for one that "deforms" D{A) in some 
sense. A basic requirement in this respect seems to be that the strict morphism 
Aip[e] — > A satisfies the base-change property (Bs) with respect to D-/{A^[e]) and 
the usual derived category D{A). If this requirement is fulfuUed, we say that 
Di{A^[e]) deforms D{A). 

In the remainder of this chapter we discuss two examples where such a derived 
deformation docs not exist. 

3.4. The cdg algebras Rp\u\ and Rp[u^u~^]. We now introduce the two types 
of cdg algebras we will use. Let i? be a (degree zero) fc-algebra and let p G i? be a 
central element. Then Rp[u] is the cdg algebra 

R[u] = (0 — ' R — >Q — > Ru — > — > Ru"^ — > . . .) 

where u is a variable of degree 2, with curvature c = pu. Modules over i?p[u] 
are precomplexes M of i?-modules with a distinquished map of precomplexes um '■ 
M — > M[2] for which d\j = puM- Maps / : {M,um) — ^ {N,un) have to satisfy 
unI = fuM- 

The localisation Rp[u,u^^] of Rp[u] is the cdg algebra 

R[u, u'^] = {... — > Ru^^ — >0 — > R — >0 — > Ru — > . . .) 

with curvature c — pu. Modules over i?p[M, are modules over -Rp[u] where 
Um ■ M — > M[2\ is an isomorphism of precomplexes. Up to isomorphism, they 
are given by precomplexes 

> M N M N > ■ ■ ■ 

do di do 

with dido = Pm and dodi = pjy. 

We put R[u] = Ro[u] and R[u,u~^] = Ro[u,u~^]. 

3.5. Some "derived" categories of deformations. Consider the following two 
examples of /c[e] -deformations in the diagram on the right: 
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Au[e] = {A[t],c = ue) 



A={A,c = 0) 



k\e 



[u, u 



k\u] 



k[u, u ^] 



In [3 Proposition 3.13, Example 3.14], it was shown that the "graded field" 
k\u,u~^] has no Morita deformation corresponding to the Hochschild cocycle (j) = 
u. Our next proposition shows that in fact, it has no reasonable corresponding 
"derived" deformation either. 

Proposition 3.7. For A — k[u] or A — k[u,u~^], there is no "derived" category of 
Au[e\ satisfying (Al) and deforming the classical derived category D[A). Moreover, 
if k is afield, the only "derived" category of k[€\f\u,u^^] satisfying (Al) and (A2) 
is D7(fc[e],[u,u-i]) = 0. 

Proof. Put B = Au[f\ in either case. The proof will only make use of A:[e]e[u, w^^]- 
modules, which are considered as A;[e]e[u]-modules in case A = k[u\. Suppose we 
have a D-?{B) satisfying (Al), (A2). Consider the exact sequence of B- modules 



0- 



M" 



->0 



given by (from top to bottom): 



-^k — T^k 



-^0 >k 



-^k — ^fc — J— ^A: 





The module M" is contractible hence "acyclic". By (Al), the sequence determines 
a triangle in D-?{B), so ip becomes an isomorphism in D?{B). Now the standard 
Mod (i?)-triangle constructed on cp also determines a triangle in D'?{B), so the object 
cone((p) is acyclic. Now cone((p) is given by 

> k®k — — )■ k[e] k®k > ■ ■ ■ 

[ £ e ] [10]' 

which is readily seen to be isomorphic to the direct sum M'[l] © M . It follows that 
both M' and M are acyclic. The fact that M' is acyclic shows that D-;{B) does 
not deform D{A). Moreover, if fc is a field and A — k[u, w^^], then by Lemma it 
shows that every indecomposable A- module, and hence, by (A2), every A- module, 
is acyclic. But since every i?-module can be written as an extension of A-modules, 
this finishes the proof that D-?{B) — Q. □ 

Lemma 3.8. Let k he a field. The indecomposable objects in Mod(fc[?i, m^^]) are 
given by (shifts of) 

>k — >0 — >k — > ■■■ 
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and 

>k ^ > k k . 

Every object decomposes as a direct sum of these. 

Proof. This easily follows from some base changes. □ 

3.6. The link with Z2-graded cdg algebras. Instead of working with Z-graded 
cdg algebras and modules, one can consider the parallel Z2-graded theory. We will 
call the corresponding objects cdg2 algebras and modules, and for a cdg2 algebra 
A the related module categories are denoted by Mod2(A), Mod -tjA), D2->{A). 

Any fc-algebra R with given central element p ^ R yields a cdg2 algebra Rp = 
R — > — > R with curvature p. Modules over Rp are Z2-precomplexes of R- 
modules 

M N —-^ M 

do di 

with dido = Pm and dodi = pn- 
We have the following tautology: 

Proposition 3.9. Let R be a k algebra with central element p £ R. We have a 
diagram 

Mod2(i?p) — ^ Mod(i?p[u,u-i]) 



Mods (Rp) Mod (i?p [u,u-^]) 

in which the first line is an equivalence and the second line is a triangle equivalence. 

Corollary 3.10. Let k be a field. The only "derived" category of fc[e]£ which 
satisfies (Al) is I?2?(^[e]e) — 0. 

Proof. This is just a reformulation of Proposition 13. 71 □ 
4. "Derived" categories via "homotopical projectives" 

4.1. "Derived" categories via "homotopical projectives". Let A be a cdg 

algebra and A? C Mod (A) a thick subcategory. Then by localization theory, the 
triangle quotient D? (A) = Mod (A) / A-? is equivalent to the full subcategory C 
Mod(j4) of A-f -homotopical projectives, i.e. objects P with MoA {A){P. X) = for 
all X G At. 

Obviously, one can go the other way round and propose a generating class M. C 
Mod(^) of "homotopical projectives", and define X G Mod (yl) to be M- acyclic if 
Mod{A){M[i],X) ^ for all M e M said i e Z. 

Remark 4.1. The A^-acyclic objects can be understood in a cohomological manner. 
For cdg A-modules M and N, consider the complex Cm(N) — Homc|.(yi) (-^7 of 
graded ^-module maps. Its cohomology is given by 

HljiN) = H^HomG,(^)(M,iV) =Mod(A)(Af[-*],iV) 

Consequently, N is A^-acyclic if and only if Cm {N) is acyclic for every M G if 
and only if Hm{N) = for every M e M and i G N. 

Definition 4.2. An object M of Mod(A) is graded small if the covariant functor 
HomGr(>i) ?) : Gr{A) Mod(A;) preserves arbitrary coproducts. 

Proposition 4.3. Suppose M. is a class of objects of Mod(j4) that are graded 
projective over A. Then the M.-acyclic objects form a thick subcategory Am of 
Mod(A) (with corresponding Dm{A)) which satisfies (Al) and (A3). If the objects 
of M are moreover graded small, then Am ^^so satisfies (A2). 
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Proof. Am is triangulated since Mod (A)(M, — ) is homological. The remainder of 
the claim follows from Remark |4. II □ 

4.2. In the absence of free modules. For a dg algebra A, the classical derived 
category D{A) is generated by the free module A e Mod (A). However, for a general 
cdg algebra A, there is no natural way to make A itself into an ^-module. It seems 
that this fact is largely responsible for the vanishing of some "derived" categories 
discussed earlier on: in general, Mod (A) simply contains too few modules, or, more 
correctly, not the right kind of modules. A related observation was made in 
Remark 3.18]. 

Remark 4.4. Let i? be a fc-algebra and p e i? a central element. We consider the 
cdg2 algebra Rp of Let V C Mod (i?p) be the class of i?p-modules M — > N — > 
AI with M and N projective over R. Sometimes, the category V is considered as the 
derived category of Rp (for instance for R = k[x], see [3], [4], [10]). The fact that 
this is a "good" definition in this case is due to the fact that k[x] has finite global 
dimension (see also iJ5.2p . In general, we know from the dg case that homotopical 
projectivity can not be defined on the graded level, and we have seen in Corollary 
13.101 that one may end up with nothing at all. 



Proposition 14.31 suggests a way of obtaining "exotic" derived categories by re- 
placing the (no longer existing) free module A by another graded free module. We 
will investigate this further in the remainder of this section. 

4.3. A cone-like construction of cdg modules. We now describe a construction 
which is reminiscent of taking the cone of a map. This construction lives in the 
world of predifferential graded modules. A predifferential graded k-algehra (pdg fc- 
algebra) is a graded fc-algebra A with a derivation : A — > ^[1]- A predifferential 
graded module over A is a graded A-module M with an A-derivation du ■ M — > 
M[l], the predifferential. Morphisms are graded morphisms commuting with the 
predifferentials. 

As usual, a map : AI — > N gives rise to a map : M[l] — > A^[l] with 
dM[i] = -dhi and 0[1] 0. 

Proposition 4.5. Let AI and N he pdg modules over a pdg algebra A and let 
(j) : AI — > and Lp : N — > -^-^[1] be pdg maps. There is a pdg module cone(0, ip) 
given by N ® AI as a graded module with predifferential 



d- 

The predifferential d satisfies 



dn <P 
ip dM 



ip(f) + d\j 

Proof. To see that d is an A-derivation, we consider ■ A N — > N and 
liM : A(^ AI — > AI and we compute 

« n = ^ = n ("A ® 1n®m + 1a •Sid) 

Of course we have 

£ - ( djj + (j)ip dN(f> + (l)dM\ _ fd% + (j>ip 



(fidN + dMP ip4> + d\j J \ ip4> + 
since 4> and (p are pdg maps. □ 
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For a cdg algebra A, the category Mod (A) of cdg A- modules is clearly a full 
subcategory of the category of pdg ^-modules. For every pdg A-module M, the 
curvature c defines a map of pdg A-modules 

Cm '■ M — > A/ [2] : m i — > cm 

Proposition 4.6. Let M and N be pdg A-modules over a cdg algebra A and let 
<j) : AI — > N[l] and ip : N — > -^-^[1] &e pdg A-module maps. If we have 

d% + (f>ip = CN d\j + ip(l) = CM 

then cone(0, ip) is a cdg A-module. 

Proof. Immediate from Proposition 14.51 □ 

4.4. Derived categories constructed from A-splittings. We can use Propo- 
sition 14.61 to construct cdg A-module structures on graded free A-modules in the 
following way. A cocycle (j) G will be identified with any corresponding map 
A[j] — > A[j + i] depending on the context. 

Definition 4.7. Let A be a cdg algebra with curvature c £ A^. A splitting for A 
(or A-splitting) consists of two cocycles (j> e A^^'^ and ip e with 

c — d\ — (p(f> = (j)(p. 

The cdg j4-module Afj,^^ is by definition cone(0, ip) where we consider 

(t):A[i\ — >A[1] p:A — > A[i\[l] 

Since A^^^ is graded projective and small, we obtain a "derived" category ^'^.(^(A) 
satisfying (Al), (A2), (A3) by taking M = {A^,^} in 

Example 4.8. Let A be an initial cdg algebra k[c] or fc[c]/c" for n > 1. Up to 
isomorphism, the only v4-splitting is given by ^ = 1 and p — c. The module Ai^c 
is isomorphic to fc+ = — > k — *■ k — > k — > . . . , which is contractible. Hence, 
as we already know by Propositions 13.21 and 14.31 Di^c{A) = 0. For A = k, there 
is another c-splitting given hy (j> = p = 0. Here ko^o = fc © 1], and Dofi{k) 
is the ordinary derived category. More generally, for a dg algebra A, Do,o{A) is 
the ordinary derived category, whereas other 0-splittings will yield other "exotic" 
derived categories. 

Let us now consider an arbitrary cdg algebra A with yl-splitting ip G 
p> e j4-^+*. We will try to understand the cohomology determined by A^_^ by 
computing the differential on C^^^(M) = HomGr(A)(yl0^;p, M) for an arbitrary 
cdg j4- module M. As a graded module, 

Ca,JM)^M(BM[~i] 

and we obtain for m e AP, n e TVP^*: 

d{m,n) — {d]\f{m) + {-ly pn,dM{n) + (-l)^0?7i) 

This yields the following notions: the element (m, n) is a cocycle if 

dMim) = (-1)^+Vn dMin) = {-ly+^M 

and the element (m, n) is a boundary if there exist h G AP^^, k e AP^'^^ with 

m = dM{h) + {~iy+^ipk n = dM{k) + (-1)^'+^/^ 

Example 4.9. Consider for a fc-algebra R with central element p the cdg algebra 
A — Rp[u] as defined in H3.4I We use the A-splitting (j) — p, p — u to construct 
Dp,u{A). The object Ap^u is isomorphic to 
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First of all, note that if p is not invertible, then the object Ap „ is not contractible. 
Consequently, Ap^u is not Ap^u-acyclic, and Dp^^iA) 7^ 0. 

Let us now take p = 0, so A is a dg algebra. If M is a module with um = 0, 
then clearly M is acyclic if and only if M is acyclic in the classical sense. But 
if we consider for example M — ... — > R[e] — > R[e] — > . . . with differential 
e with Um — 1, we have a cocycle (l,e), but we can never have 1 ~ e/i — efc, so 
{M,um ~ 1) is not acyclic with respect to the splitting (0, u). 

Example 4.10. Consider A = Rp[u,u^^ for p E R as defined in i j3.4l The object 
Ap^u is isomorphic to 

X= yji—^Ji—^Ji—^Ji—^Ji—^... 

with ux = 1. This object is contractible hence Dp^u{A) = 0. 

4.5. Deformed derived categories. Let ^^[e] be a A;[e]-deformation of a dg k- 
algebra A. 

Proposition 4.11. Suppose A4 is a collection of objects in Moci{A^[e\) and put 
Mo = {k<^k[e] M\M e M} in Mod(^). Then Dm{A^M) deforms Dmo{A). In 
particular, if Mq is a collection of homotopical projectives generating D{A), the 
result holds with DMoiA) = D{A). 

Proof We have Mod ( [e] ) (M, N) = Mod(A)(fc ®k[e] M, N) for M e M and N e 
Mod(A). □ 

We will now consider a special case of deformed cdg algebras. Let ^ be a dg 
fc-algebra and e a cocycle. The deformed cdg algebra A^fe] over fc[e] is 
the algebra A[e] with curvature c = (/)£. We can construct the derived category 
D(t>.e{Aip[€]) using the obvious ^-splitting. However, this derived category has to be 
considered as a deformation of D^,q{A) and not of D{A)\ 

Proposition 4.12. The derived category Dif,^^{A^[e]) deforms D^fi{A). 

Proof. Immediate from Proposition 14. 1 ll □ 

Example 4.13. In Examples l4.9l and l4.101 we can take R — k over k and p = 0, and 
we can take R = k[e] over k[e] or over k and p — e. It follows that both Dufi{k[u]) 
and Du e(A:[u]„[e]) = D„ e(A:[e](:[u]) are non zero "derived" categories satisfying (Al), 
(A2), (A3). 



5. Some "derived" categories for arbitrary cdg algebras 

In this section we take a look at some specific definitions of "derived" categories 
that are defined for arbitrary cdg algebras, which have been studied in the literature. 

5.1. The bar derived category. Let A be a unital cdg algebra over a commu- 
tative ring k. In 9, §8.2], the bar derived category^ Z3bar(^), was defined as a 
natural generalization of the relative derived category of a dg algebra. One can re- 
gard Z?bar(^) as the triangle quotient of the category of unital cdg ^-modules 
up to homotopy. Mod (A), by the full subcategory formed by the so-called bar 
acyclic modules, namely, those which are contractible when regarded as curved 
^oo-modules over A. Also, it is useful to consider I?bar(^) as the homotopy cate- 
gory of Mod(^) endowed with a structure of model category constructed with the 
help of the bar/cobar adjunction. Let us briefly recall here how this adjunction 
looks like. Let BA be the bar construction associated to A (see |9j §4]), which is a 
counital dg /c-coalgebra, Com{BA) the category of counital dg comodules over BA, 
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and take t\A : BA — > A to be the composition of the map A[l] ^ A , a i— > a, with 
the projection BA — > A[l]. Then we can define an adjoint pair of functors 

Mod(yl) 



Com(BA) 

as follows: 

- Ltj^N is the cohar construction of iV, and it is defined to be the unital graded 
A- module {A®k ® Iw) endowed with the differential 



AT :=(i^®lAr + l^®djv + 



lAr)(lA ®TA® lAr)(lA ® ^n), 



where djsi is the codifferential of N, mf is the multiplication of A and Ajv is the 
comultiplication of N. 

- Rrj^M is the bar construction of Af, and it is defined to be the counital graded 
_B^-comodule [BA ®k M, Aba ® lAf), endowed with the codifferential 



M 



i-BA 



dm ~ (IsA «) m^)(lsA «) <X) lAf)(A 



BA 



1m), 



where is the differential of M, (Iba is the codifferential of BA and Aba is the 
comult iplicat ion . 

Remark 5.1. It was proved in ^ that both the bar and the cobar construction 
admit a more conceptual definition, being solutions of universal problems. We use 
this approach in the proof of Lemma |5 . 31 below. 



It turns out that a unital cdg A-module M is bar acyclic if and only if the dg 
_B^-comodule Rr^M is contractible, that is to say, equivalent to in the category 
of dg _B^-comodules up to homotopy. 

Lemma 5.2. The bar acyclic cdg A-modules satisfy (A2) and (A3). 

Proof. Notice that i?^^ preserves products because it has a left adjoint. On the 
other hand, it is straightforward to check that Rr^ also preserves coproducts. □ 

Let / : A — > A' be a morphism of unital cdg algebras. Associated to it we have 
an adjoint pair 

Mod(A') 
Mod(A) 

where /* is the restriction of scalars along / and A'®a^ is the extensions of scalars. 
We can also consider the adjoint pair 

Com{BA) 



BA* 



B(f). 



Com{BA') 



where B{f)^, is the corestriction of scalars along the bar construction B(f) of / 
and i?v4*sA'? is the corresponding coextension of scalars. 
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Lemma 5.3. The following squares are commutative up to an isomorphism of 
functors 



Mod{A) 4r- 



A'i 



Com{BA) 

B{f), 



Mod{A')i Com(B^) 



Mod (A) 

/* 

Mod(A') 



^ Com(SA) 



Com(Byl') 



Proof. Here we use that the bar/cobar constructions are uniquely determined (up 
to isomorphism of functors) by the following isomorphisms 

Uod{A){Lrj,N,M) = r^^AfC(Hom'(iV,A/)[-l]) = Com{BA){N,Rr^M) 

natural in N and M, where Hom'(?, ?) is the internal Hom-functor in the category 
of graded fc-modules, and r7-^MC(Hom*(A'^, Af)[— 1]) is the tangent space in ta to 
the set of solutions of the Maurer-Cartan equation of Hom*(A'^, Af)[— 1] regarded as 
a cdg module over Horn' [B A, A)^ which is a cdg algebra endowed with the obvious 
curvature, predifferential and 'convolution' product (see §6.3]). Now, it is easy 
to prove that we have isomorphisms 

Mod(yl')(A' ®A Lr^N,M') ^ Mod{A){Lr^N, f*M') ^ 
^ T^^MCOioml{NJ*M')[-l]) = 
- Tr^,MCiRomliBif),N,M')[-l]) = 
^Mod(A')(L.^,(S(/)*iV),M') 



natural in iV and M', which follows from the identity /t^ = B{f)TA' 



□ 



To study the behaviour of bar acyclic modules with respect to the change of 
rings, we need the following result: 

Lemma 5.4. Let A' be a unital cdg algebra and M a unital cdg A' -module. Suppose 
ij) : BA' M — » BA' (8)^ M is a morphism of graded BA' -comodules such that 
^p{lk (Sirn) = for each m G M . Then for each z G BA' (E>k M there exists a natural 
number n > 1 such that ip^^z) — 0. In particular, 1 ~ is an isomorphism with 
inverse given by J2n>o^"- 

Proof. Consider the filtration 

C Fo C • ■ . C C . . . BA' ®fe M, 

withis^ := (fc©A'[l]e. . . (yl'[l])'»")®feM, n > 0. Let : BA' k be the counit of 
the coalgebra BA', and denote by ipo the composition of the mappM : BA' ®kM 
M , x®m^ ri{x)m, with Notice that ^ = {Iba' ® '0o)(A_ba' ® 1m) and that 
V'o(lfc <S) rn,) = for all m G M. This implies that '4'i.Pn) C for each n > 

and, in particular, '0"+^(i^„) = 0. □ 

Proposition 5.5. (1) The functor f* : Mod(yl') Mod(^) preserves bar 
acyclic modules. 

(2) Assume that k is a field and A' (and hence A) has a non-zero curvature. 
Then f* : Mod(^') Mod(A) reflects bar acyclicity. 

Proof. (1) That /* preserves bar acyclic modules follows directly from the commu- 
tativity of the second square in Lemma 15.31 
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(2) Case 1: the curvature of A' is not nilpotent. By using the obvious commu- 
tative triangle 

Mod(A') )■ Uod(A) 




Mod(fc[c]) 



and part (1) of this proposition, it suffices to prove the statement for A = k[c\ and 
/ : fc[c] — !■ A' being the unique morphism of cdg algebras. 

Step 1.1: Construction of a morphism of graded k-modules s : A' ~* k[c]. We 
claim that for each i > 1, the map 

: kd -> , rd ^ rc\, 

is injective. Indeed, if there exist an element r G k \ {0} such that rc\, = 0, then 
c\, = r~^rc\, = 0, which is a contradiction. Therefore, since fc is a field, for each 
« > 1 the map is a split injection of fc- modules, i.e. there exists a morphism of 
fc-modules 

s^' : A'"^' kc\ 

such that s"^^ f'^^ — 1. By taking s* for every i < Q and every odd z, we get a 
morphism s : A' — > fc[c] of graded fc-modules. 

Step 1.2: bar acyclicity reflected. Let M be a unital cdg v4'-module and assume 
there exists a morphism 

h:Rr,,^^{f*M)^Rr,Jf*M) 

of graded comodules homogeneous of degree —1 satisfying hd + dh = 1, where d 
is the codifferential of Rr^.^^-^{f* M). Let s : A' ^ k[c] be the morphism of graded 
fc-modules constructed in step 1.1 of the proof, and let B{s) : BA' B{k[c\) be 
the morphism induced by s. Define /iq to be the composition 

where pm ■ ^T^^^ifrM) M , x ® m ri{x)m, with rj : B{k[c]) k being 
the counit of the coalgebra B{k[c]), and take h' : Rr^,{M) Rr^,{M) to be the 
morphism of graded comodules defined by 

h' = {Iba' ®K){/\ba' ®'^m)- 

The fact that h' is compatible with the comultiplication follows from the fact that 
we are working over a tensor coalgebra. Let d' be the codifferential of i?r^, {M) and 
put 

:= h'd' + d'h'. 

Since (f)~^d' — d'cj)^^ , it suffices to prove that </> is invertible. Thanks to Lemma [5T^ 
this is the case if (jiiM — im, where im is the map M R^^, (M) , m ^ Ik ® m. 
The identity {Aba' ® 1m)0 = (Iba' €5 (/))(Aba' f?* 1m) is easily checked. From this 
it follows the identity </> = {1b A' ®Pm4>){^ba' ^^m), which implies that (piM — im 
holds whenever pM4'iM — 1m- Finally, it is straightforward to check 

PM^'hi ^PKih'd'iM +PAid'h'iAi ^ puhdiu +PMdhiM = Pmim = 1m- 
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Case 2: the curvature ca' of A' is nilpotent, with c^, — and d^, ^ for 
1 <i <n — \. By using the obvious commutative triangle 

Mod(A') )■ Mod(A) 



Mod(fc[c]/c") 

and part (1) of this proposition, it suffices to prove the statement for A = k\c\/c^ 
and / : fc[c]/c" A' being the unique morphism of cdg algebras. 

Step 2.1: Construction of a morphism of graded k-modules s : A' — > fc[c]/c". 
We claim that for each 1 < i < n — 1, the map rc' ^ rc\ is injective. Indeed, 
if there exist an element r G /c \ {0} such that rc^ = for some 1 < i < n — 1, 
then c\ — r^^rc\ = 0, which is a contradiction. Then, for each I < i < n — 1, 
there exists a morphism s^' of fc-modules such that s'^^f^^ = 1. By taking s^ :— 
for j ^ 2i , l<i<n — 1, we construct a morphism s : A' ^ fc[c]/c" of graded 
A;-modules. 

Step 2.2: bar acyclicity reflected. Similar to step 1.2. □ 

The following result suggests that bar acyclic cdg modules are abundant. Indeed, 
it will help us to prove in Corollary 15.71 below that bar acyclic cdg modules are 
almost everywhere. 

Lemma 5.6. (1) k is a bar acyclic cdg module over the initial cdg algebra k[c] 
when considered as a precomplex concentrated in degree 0. 
(2) k is bar acyclic cdg module over the cdg algebra k[c]/c"', for any integer 
n >2, when considered as a precomplex concentrated in degree 0. 

Proof. We will prove part (1), part (2) admitting a similar proof. Let us put 
A :~ k[c]. We have to give a contracting homotopy of curved Aoo-modules over the 
cdg algebra A (see the definition in fS', §6.1]). For this, it suffices to take hi = for 
each i 7^ 2 and to take 



if n 7^ 1, 
if n = 1. 



/i2(c"®lfe) := 1^ 

We have to prove that the identity 

lp= (-l)^mj+,(l®^0/i,)+ J2 (-ir'+'/ij+i+i(l®''®rnfc0l®') 

r+s=p j+k+l=p 

holds for any p > I, where Ip is the morphism 

ifp = 0, 
^0 if p 7^0, 

is the ith multiplication of the cdg ^-module k, and 

'm^ if; = o, 

ml \ili- 0. 



TOfe 



Notice that we have = for i 7^ 2 , mf = for i ^ {0, 2} and hi = for i ^2. 
Then, we only need to consider the term TO^^g(l®* (g) hr) with (r, s) — (2, 1) and 
the term h,+i+i{l®^ (g ® 1®') with (j, fc, I) £ {(0, 0, 1), (1, 2, 0), (0, 2, 1)}. 

In the case {j, k, I) — (0, 0, 1) (corresponding to the case p = 1) we should have 
the identity 

Ik = h2{mQ (g) Ife), 
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which obviously holds. In the case (r, s) — (2,1) and {j,k,l) S {(1, 2, 0), (0, 2, 1)} 
(corresponding to the case p = 3) we should have the identity 

= -777,2(1 ® h2) + h2{l (8) 7772 - (g) 1): 

which is easily seen to hold. □ 

Corollary 5.7. If k is a field and A is a unital cdg k-algebra with non-vanishing 
curvature, then DhariA) — 0. 

Proof. We have to distinguish two cases. 

First case: The curvature ca is not nilpotent. In this case we know that, if 
/ : k[c] — > yl is the unique morphism of cdg algebras, then /* : Mod(^) Mod(fc[c]) 
reflects bar acyclicity (see Proposition 15. 5p . Thus, it suffices to prove that every 
cdg fc[c]-module {i.e. every precomplex over k) is bar acyclic. Notice that every 
cdg fc[c] -module is a coproduct of indecomposable cdg fc[c] -modules and the class 
of bar acyclic cdg fc[c]-modules is closed under coproducts. Then, it suffices to 
prove that every indecomposable cdg fc[c]-module is bar acyclic. Since fc is a field, 
the precomplexes ki with i e Nq U {-I-,— ,00} (see §2.2) and their shifts, are the 
indecomposable objects in Mod(fc[c]) up to isomorphism. Thanks to Lemma 5.6, we 
know that fco is bar acyclic. By using mapping cone constructions, we know that 
any fc„ , n > 1, is bar acyclic. Now, fc_ (resp. fc_|_) can b! e written in Mod (fc[c]) 
as a cone of coproducts (resp. products) of precomplexes of the form fc„ , n > 0. 
Since the class of bar acyclic cdg fc[c]-modules is closed under arbitrary coproducts 
and products, then any bounded above or bounded below precomplex is bar acyclic. 
Finally, in Proposition l2.1l we have already proved that fcoo is bar acyclic (moreover, 
it vanishes when regarded as an object of Mod(fc[c])). 

Second case: c'\ — and 7^ for I < i < n — 1. We proceed similarly, by 
using this time the unique morphism of cdg algebras / : A;[c]/c" A. □ 

Remark 5.8. CoroUarv 15.71 also follows from the argument indicated at the end of 
Remark 7.3 of [H]. 

5.2. Derived categories of the second kind. Let A he a cdg algebra. In [TTJ 
§3.3], three "derived" categories, called derived categories of the second kind, are 
considered: the absolute derived category Dabs(^) is the universal ("largest", cor- 
responding to the smallest ^7) "derived" category satisfying (Al), the coderived 
category Dco{A) is the universal "derived" category satisfying (Al) and (A2), and 
the contraderived category Dctr(A) is the universal "derived" category satisfying 
(Al) and (A3). 

Proposition 13.21 vields that for the initial cdg algebras A = fc[c] or ^ = k[c]/c" 
with n > 1 over a field fc, we have Dco{A) = 0, and Proposition 13.71 vields that for 
A = fc[e]e[u,w"i] = k[u,u-^]4e], D,,{A) = 0. 

On the other hand, as soon as a cdg algebra A has a non zero "derived" category 
with the correct (Ai), it follows that the corresponding derived category of the 
second kind is non zero as well. A concrete example where this occurs was given in 
Example l4.13l In fact, as soon as Mod (A) contains a graded projective (resp. graded 
projective and graded small) object which is not contractible, we thus conclude that 
-Dctr(^) is (resp. I?ctr(^) and Dco{A) are) non zero. It is easy to see that all graded 
projective objects are "homotopical projective" with respect to .Actr and all graded 
projective graded small objects are "homotopical projective" with respect to ^co- 

The following converse is due to Positselski: 

Theorem 5.9 (§3.6, 3.7 in [TT]). Let A he a cdg algebra and let V C Mod(A) he 

the full subcategory of graded projective objects. 

If A is graded Artinian (i.e satisfies the descending chain condition on graded 
submodules), then Dcfc{A) = V . 
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If A has finite homological dimension as a graded algebra (i.e. the abelian cat- 
egory Gr{A) has finite homological dimension), then the absolute derived category, 
the coderived category and the contraderived category coincide, and they are all 
equivalent to V . 

That for a cdg algebra A with finite graded homofogical dimension and zero 
differential, the absolute derived category D^hsiA) can be considered to be the 
derived category of A, follows from the following well known fact: 

Proposition 5.10. Let A be a graded algebra with finite graded homological dimen- 
sion. Then a differential graded A-module is homotopically projective if and only if 
it is graded projective. In particular, the derived category D{A) is equivalent to the 
full subcategory V C Mod (A) of graded projective modules. 

Proof. Let P be a graded projective acyclic A-module. Consider 

P —T^ P —r^c ^0 

dad 

as a projective resolution of C = Coker((i) in the category Gr(A). Since A has finite 
homological dimension as a graded algebra, it follows that the image of d is graded 
projective as well, whence P is contractible. □ 

For a (graded) algebra A with infinite homological dimension, graded projective 
modules need not be homotopical projective, as the example of 

T^k[e]^^k[e\^^--- 

over A — k[e] shows. 

The existence of non zero derived categories of the second kind in spite of the 
vanishing of those categories for the initial cdg algebra fc[c] corresponds to the fact 
that the derived categories of the second kind do not satisfy the strong base change 
property (Bs). On the other hand, it is easily seen that the derived categories of 
the second kind do satisfy (Bw). 

The main application of derived categories of the second kind in [TT] is to cdg 
coalgebras. More precisely, for a cdg coalgebra C with cdg Cobar construction 
B = Cobi^(C) (associated to a fc-linear section of C — > fc), the author proves 
a beautiful "Koszul triality" theorem ([TI] §6.7]) in which the coderived category 
of C-comodules, the contraderived category of C-contramodules, and the absolute 
derived category of _B-modules are proved to be equivalent. Moreover, since B = 
Cobij(C) has finite homological dimension as a graded algebra, by Theorem I5.9| 
it's three derived categories of the second kind coincide. 

In [HI §9.4], the author proves that for cofibrant dg algebras (over a ground ring 
of finite homological dimension), the classical derived category and all the derived 
categories of the second kind coincide. He also uses this fact to argue that for 
general dg algebras, the classical derived category and the derived categories of the 
second kind have to differ, as they satisfy very different functoriality properties (the 
classical derived category is of course invariant under classical quasi-isomorphisms 
of dg algebras, and every dg algebra is quasi- isomorphic to a cofibrant one). 

As far as we know, there is no natural definition of a derived category of a curved 
dg algebra, that coincides with the classical derived category for all ordinary dg 
algebras. 

References 

[1] M. Gerstenhaber, On the deformation of rings and algebras, Ann. of Math. (2) 79 (1964), 

59-103. MR MR0171807 (30 #2034) 
[2] , On the deformation of rings and algebras. II, Ann. of Math. 84 (1966), 1-19. 

MR MR0207793 (34 #7608) 



VANISHING DERIVED CATEGORIES 



18 



[3] A. Kapustin and Y. Li, D-branes in Landau- Ginzburg models and algebraic geometry, J. High 
Energy Phys. (2003), no. 12, 005, 44 pp. (electronic). MR MR2041170 (2005b:81179b) 

[4] A. N. Kapustin and D. O. Orlov, Lectures on mirror symmetry, derived categories, and D- 
branes, Uspekhi Mat. Nauk 59 (2004), no. 5(359), 101-134. MR MR2125928 (2006a:14068) 

[5] B. Keller and W. Lowen, Hochschild cohomology and Morita deformations, to appear in Int. 
Math. Res. Not. 

[6] W. Lowen and M. Van den Bergh, Hochschild cohomology of abelian categories and ringed 
spaces, Advances in Math. 198 (2005), no. 1, 172-221, preprint 'math.KT/0405227 

[7] , Deformation theory of abelian categories. Trans. Amer. Math. Soc. 358 (2006), 

no. 12, 5441-5483, preprint math.KT/0405227 

[8] Wendy Lowen, Hochschild cohomology, the characteristic morphism and derived deforma- 
tions. Compos. Math. 144 (2008), no. 6, 1557-1580. MR MR2474321 

[9] Pedro Nicolas, The bar derived category of a curved dg algebra, J. Pure Appl. Algebra 212 
(2008), no. 12, 2633-2659. MR MR2452316 
[10] D. O. Orlov, Triangulated categories of singularities and D-branes in Landau- Ginzburg mod- 
els, Tr. Mat. Inst. Steklova 246 (2004), no. Algebr. Geom. Metody, Svyazi i Prilozh., 240-262. 
MR MR2101296 (20061:81173) 
[11] L. E. Positsel'skii, Two kinds of derived categories, koszul duality, and comodule- 
contramodule correspondence, preprint available on the author's website. 

[12] , Nonhomogeneous quadratic duality and curvature, Funktsional. Anal, i Prilozhen. 

27 (1993), no. 3, 57-66, 96. MR MR1250981 (95h:16041) 

(Bernhard Keller) Universite Paris Diderot - Paris 7, Institut de Mathematiques de 
JussiEU, U.M.R. 7586 Du CNRS, UFR de Mathematiques, Case 7012, Batiment Chevaleret, 
75205 Paris Cedex 13, FRANCE 

E-mail address: keller@niath.jussieu.fr 

(Wendy Lowen) Departement Wiskdnde-Informatica, Middelheimcampus, Middelheim- 
laan 1, 2020 Antwerp, Belgium 

E-mail address: wendy.lowen@ua.ac.be 

(Pedro Nicolas) Institut de Mathematiques de Jussieu, U.M.R. 7586 du CNRS, Univer- 
site Paris Diderot - Paris 7, UFR de Mathematiques, Case 7012, Batiment Chevaleret, 
75205 Paris Cedex 13, FRANCE 

E-mail address: iiicolas@math.jussleu.fr 



